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Abstract. We develop a nondirect product discrete variable representation (npDVR)
for treating quantum dynamical problems which involve nonseparable angular
variables. The npDVR basis is constructed on spherical functions orthogonalized on the
grids of the Lebedev or Popov 2D quadratures for the unit sphere instead of the direct
product of 1D quadrature rules. We compare our computational scheme with the old
one that used the product of 1D Gaussian quadratures in terms of their convergence
and efficiency by calculating, as an example, the spectrum of a hydrogen atom in
the magnetic and electric fields arbitrarily oriented to one another. The use of the
npDVR based on the Lebedev or Popov 2D quadratures substantially accelerates the
convergence of the computational scheme. Moreover, we get the fastest convergence
with the npDVR based on the Popov quadratures, which has the largest efficiency
coefficient among other quadratures on the unit sphere.
Keywords : Schro¨dinger equation, spherical functions, discrete variable representation,
Lebedev quadrature, nondirect product grid
1. Introduction
The problem of integration of the Schro¨dinger equation with the nonseparable angular
part has numerous applications. The conventional partial wave expansion becomes
inefficient here due to the strong coupling of the partial waves, and therefore
special computational techniques are required. In a series of papers [1–5] an
alternative approach was suggested and developed where the angular part of the
Schro¨dinger equation was approximated with the 2D nondirect product discrete variable
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representation (npDVR)‡. This approach proved to be very efficient with respect to this
class of tasks, and a number of topical problems of quantum physics were resolved
[2, 5, 7–17]. The npDVR turned out to be very efficient in solving the time-dependent
Schro¨dinger equation with three [3–5,8–10] and four [11,13,18] spatial variables. In the
present work, we further develop the computational scheme by using the Lebedev [19–23]
and Popov [24] 2D quadratures on the unit sphere for constructing the npDVR basis
instead of the direct product of 1D Gauss quadratures used so far.
The discrete variable representation (DVR) [25–27] (or the Lagrange-mesh method
[28]) proved to be useful in different quantum dynamical problems [27,29–33] due to its
known advantages. In DVR, any local spatial operator is diagonal, being approximated
by its value at the DVR grid points. Thus, the evaluation of the Hamiltonian matrix is
greatly facilitated in this representation while the only off-diagonal elements belong to
the kinetic energy operator. However, simple extension of this representation to the 2D
angular subspace in the form of a direct product of two 1D DVRs is inefficient due to the
singularities that arise when approximating the Lˆ2 operator in the kinetic energy [6,27].
As an alternative, the 2D nondirect product DVR was proposed in [1–5] with the linear
combinations of the spherical harmonics in the DVR basis orthogonalized on the angular
2D grids, in which the mentioned disadvantage was eliminated. However, the 2D angular
grid (θj , φj) was constructed as a direct product of 1D Gaussian quadratures over the
angular variables θ and φ. The discretization of the unit sphere in the 2D npDVR
using the product of 1D Gaussian quadratures attracts with its simplicity. However,
increasing the number of the grid points in this scheme leads to clustering of the points
around the poles x = y = 0 of the sphere, which is an essential drawback for constructing
time-dependent computational schemes where the step of integration over time must be
consistent with the spatial integration step. Moreover, the efficiency of a quadrature for
numerical integration over the surface of the unit sphere - the ratio of the number of
spherical harmonics to which the quadrature produces exact integration to the number of
degrees of freedom of the quadrature [34] - is minimal in the 2D quadrature constructed
as a direct product of 1D quadratures.
To eliminate the drawback mentioned above, we use here the Lebedev [19–23]
and Popov [24] 2D angular quadratures invariant under the octahedral and icosahedral
rotation group, respectively. They belong to the class of quadrature rules (cubatures)
for the unit sphere invariant under finite rotation groups outlined by Sobolev in his
seminal works [35, 36]. The cubatures are constructed in the form of sets of N nodal
points and corresponding weights on the surface of a unit sphere, which allow precise
integration of all spherical harmonics up to and including the n-th angular momentum,
called the order of the cubature formula. Values of N and n determine the efficiency
coefficient of every cubature formulas, η = (n + 1)2/(3N) [34]. The Lebedev and Popov
cubatures pose high efficiency coefficients approaching unity with increasing N while
the cubature constructed as a direct product of 1D Gaussian quadratures has constant
‡ The 2D DVR angular basis suggested in [3–5] was later called the nondirect product DVR (npDVR)
in the work of Wang and Carrington [6]
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coefficient η=2/3 independently of N [37]. In the Lebedev and Popov cubatures, there
is also no clustering of the nodal points noted above near the poles x = y = 0 with
increasing N . Moreover, an outline of the implementation of the Lebedev cubatures
into the 2D DVR over two angular variables was already considered by Haxton [38].
In this work, we suggest a computational scheme for integration of the 3D
Schro¨dinger equation with the nonseparable angular part in the 2D npDVR based on the
Popov and Lebedev cubatures. We construct the orthogonalized DVR basis functions
with respect to the Lebedev (or Popov) cubature grid points. Then, we compare
our computational scheme with the old one that used the product of 1D Gaussian
quadratures in terms of their computational efficiency by calculating, as an example,
the spectrum of a hydrogen atom in crossed magnetic and electric fields, which does
not permit angular variable separation. It is shown that the use of the npDVR based
on the Lebedev or Popov 2D cubatures substantially accelerates the convergence of the
computational scheme. Moreover, we show the superiority of the 2D npDVR based
on the Popov cubatures, which has the highest efficiency coefficient η among other
cubatures on the unit sphere.
2. 3D Schro¨dinger equation with nonseparable angular variables in npDVR
In the npDVR [17, 39] being used so far the solution of the Schro¨dinger equation,
associated with a particle of mass m under the interaction V (r),[
− ~
2
2m
∇2 + V (r)
]
ψ(r) = Eψ(r) (1)
is expressed as the expansion
ψ(r, θ, φ) =
1
r
N∑
j=1
fj(Ω)uj(r) (2)
in the basis
fj(Ω) =
N∑
ν=1
Y¯ν(Ω)[Y
−1]νj (3)
defined on the 2D angular grid Ωj = (θjθ , φjφ) in the subspace Ω = (θ, φ), where
jθ = 1, .., Nθ , jφ = 1, .., Nφ and N = Nθ × Nφ. The index ν numerates the pair
{l, m} related to the corresponding modified spherical harmonics, and the matrix Y −1
is inverse to the matrix Y defined by Yjν =
√
wj Y¯ν(Ωj) where wj = (2piwj
′)/Nφ shows
the weight function, (wj
′ weight function of the Gaussian quadrature over θ) and the
basis functions are defined in terms of the associate Legendre polynomials Pml′ (θ) ,
Y¯ν(Ω) = Y¯lm(Ω) = e
imφ
∑
l′
cl
′
l P
m
l′ (θ) . (4)
In general cl
′
l = δll′, so the functions Y¯ν(Ω) coincide with the spherical harmonics
Yν(Ω), except for a few functions of the highest values of l where the functions are
orthogonalized by the Gramm-Schmidt method [16]. Thus, the constructed basis
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Table 1. The parameters of the Lebedev and Popov cubatures for each N , which is
the number of grid points on a unit sphere. Each cubature produces exact integration
of all spherical harmonics up to and including n-th angular momentum and all possible
products of spherical harmonic pairs with angular momenta up to and including lmax.
ltop is the highest l-value which is incorporated in constructing npDVR basis functions.
The efficiency coefficient η defined as η = (n+ 1)
2
/(3N).
LEBEDEV
N n lmax ltop η
6 3 1 2 0.89
14 5 2 4 0.85
26 7 3 6 0.82
38 9 4 6 0.87
50 11 5 8 0.96
86 15 7 10 0.99
110 17 8 12 0.98
POPOV
N n lmax ltop η
6 3 1 2 0.89
12 5 2 3 1.00
22 7 3 5 0.97
32 9 4 6 1.04
48 11 5 7 1.00
84 15 7 9 1.02
104 17 8 11 1.04
functions Y¯ν(Ω) are orthogonal and complete on the grid Ωj for each N . The unknown
coefficients uj(r) in expansion (2) are the values ψ(r,Ωj) of the desired wave function
ψ(r,Ω) at the grid points Ωj multiplied by (r
√
wj).
By substituting expansion (2) into (1), a system of N coupled Schro¨dinger-type
equations should be solved for the unknown N -dimensional vector u(r) = {uj(r)}N1 ,
{Hˆ(0)(r) + Vˆ (r)}u(r) = Eu(r) (5)
where the elements of the N ×N matrices Hˆ(0)(r) and Vˆ (r) are represented as
H
(0)
jj′ (r) = −
~
2
2m
(δjj′
d2
dr2
− L
2
jj′
r2
) , (6)
Vjj′(r) = V (r,Ωj)δjj′ . (7)
Here, by considering [Y −1]νj in (3) as equal to
√
wjY¯
∗
ν (Ωj), the elements of the Lˆ
2
operator are defined as
L2jj′ =
N∑
ν=1
√
wjwj′Y¯ν(Ωj)l(l + 1)Y¯
∗
ν (Ωj′) . (8)
In what follows, we explain how the basis functions and further formulae are altered
by using the Lebedev or Popov cubature angular grid points and corresponding weights
instead of the Gaussian quadratures. For any fixed N , the cubature of Lebedev or
Popov type can exactly integrate the square of spherical harmonics up to a certain
angular momentum (lmax) (Table 1). Thus, only for the (lmax + 1)
2 ≤ N spherical
functions with l ≤ lmax the orthogonality condition is satisfied:
< Yν|Yν′ >=
∫
Yν(Ω)Y
∗
ν′(Ω)dΩ = 4pi
N∑
j=1
wjYν(Ωj)Y
∗
ν′(Ωj) = δνν′ , l ≤ lmax (9)
where Ωj = (θj, φj) and wj show the grid’s angular coordinates and its weights the sum
of which equals unity (
∑N
j=1wj = 1.0) (for Lebedev grids and weights see [40]). However,
it follows from the above consideration (see Equations (2-4)) that for constructing the
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npDVR basis (3) the number of basis functions should be equal to the number of grid
points N . Therefore, the N−(lmax+1)2 additional spherical harmonics with l > lmax are
required to be included into consideration and made orthogonal to others on the angular
grid. Towards this aim, we use the orthogonalization procedure suggested in [38] instead
of the Gramm-Schmidt orthogonalization. First, the number of harmonics expands to a
value N¯ exceeding N by including all the harmonics with l up to and including l¯ so that
N¯ = (l¯ + 1)2 ≥ N . Then, we construct an overlap matrix of N¯ × N¯ dimension whose
elements are defined as a scalar product of different available spherical harmonics with
l ≤ l¯
< Yν |Yν′ >=
∫
Yν(Ω)Y
∗
ν′(Ω)dΩ = 4pi
N∑
i=1
wiYν(Ωi)Y
∗
ν′(Ωi) l, l
′ ≤ l¯ . (10)
If by diagonalizing this matrix, we get exactly N nonzero eigenvalues, we consider l¯
as equal to ltop, and store the normalized corresponding eigenvectors in the matrix of
N × N¯ dimension called S, where N is the number of nonzero eigenvectors and N¯ is the
vector dimension. Otherwise, we increase l¯ to l¯ + 1 and subsequently repeat the above
procedure until reaching the desired number N of nonzero eigenvalues of the overlap
matrix (10). The suitable values of ltop obtained by this method are listed in Table 1.
In this way we obtain a set of linear combinations of spherical harmonics
Φν(Ω) =
N¯∑
µ=1
SνµYµ(Ω) , ν = 1, .., N , (11)
where µ = {lµ, mµ} labeled in an ascending order as {lµ, mµ} = {0, 0}, {1,−1}, {1, 0}, {1, 1}, ..., {ltop, ltop−
1}, {ltop, ltop}. The set of the constructed functions Φν(Ω) is orthogonal and complete
on the cubature grid points (Ωi, wi) as
< Φν |Φν′ >= 4pi
N∑
i=1
wiΦν(Ωi)Φ
∗
ν′(Ωi) = δνν′ (12)
and
4pi
N∑
ν=1
√
wi
√
wjΦν(Ωi)Φ
∗
ν(Ωj) = δij . (13)
Thus, with Φν defined by (11) we construct the desired 2D npDVR basis fj(Ω) (3) as
fj(Ω) =
N∑
ν=1
√
4piwjΦν(Ω)Φ
∗
ν(Ωj) . (14)
In this representation, the Lˆ2 operator in (6) takes the following form:
L2jj′ = 4pi
N∑
ν=1
√
wjwj′
N¯∑
µ=1
Sνµlµ(lµ + 1)Yµ(Ωj)Φ
∗
ν(Ωj′) , (15)
and the interaction operator Vˆ (r) has the diagonal structure and defined by Eq.(7) in
the Lebedev (or Popov) grid points Ωj .
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3. Numerical example: hydrogen atom in crossed electric and magnetic
fields
To perform a comparative analysis of the efficiency of the suggested npDVR
computational schemes based on the Lebedev and Popov cubatures, we have calculated
low-lying bound states of a hydrogen atom in the electric F and magnetic B fields
arbitrarily oriented to one another. It is a good example for our purpose, because in
the general case of arbitrary mutual orientation of the fields the separation of angular
variables is not possible in this three-dimensional problem. Moreover, this problem has
already been successfully investigated with the early version of the npDVR, which used
a direct product of 1D angular Gaussian quadratures [2].
In this problem, the interaction potential in the corresponding Schro¨dinger equation
(5) is expressed as
Vˆ (r) = −1
r
+ (F · r) + 1
2
(B ·L) + 1
8
[B × r]2 , (16)
where r and L are the radius-vector and orbital angular momentum of the electron.
We consider the vectors B and F , which form an arbitrary angle α, are placed in the
xz-plane,
B = βnz , F = γ(sinαnx + cosαnz) . (17)
Here, the strengths γ and β of the electric and magnetic field are expressed in atomic
units F0 = e
5m2e/~
4 ≈ 5.14 × 109 V/cm and B0 = (e/~)3m2ec ≈ 2.35 × 109 G
(~ = e = me = 1), which we use hereafter. Thus, the interaction potential (16) takes
the form
Vˆ (r) = −1
r
+ γr (sinα sin θ cosφ+ cosα cos θ) +
1
2
(βLz) +
1
8
(βr sin θ)2 . (18)
In our 2D npDVR basis (14), the Lˆ2 operator is defined as (15) and the elements
of the potential matrix (18) are represented by the sum of the diagonal matrix (7) plus
the term related to the Lˆz operator,
Vjj′(r) =
[
−1
r
+ γr (sinα sin θj cosφj + cosα cos θj) +
1
8
(βr sin θj)
2
]
δjj′
+
1
2
β
[
4pi
N∑
ν=1
√
wjwj′
N¯∑
µ=1
SνµmµYµ(Ωj)Φ
∗
ν(Ωj′)
]
. (19)
To calculate in the 2D npDVR of the bound state energy E of the hydrogen atom in
the crossed electric and magnetic fields, we must complement equations (5) with zero
boundary conditions at r = 0 and r = rm →∞
u(0,Ωj) = u(rm,Ωj) = 0 (20)
and resolve the arising eigenvalue problem (5,6,15,19,20). For this purpose, we
approximate the radial part of the system of equations (5) with six-order finite differences
on a quasi-uniform grid ri = rm(exp(7xi) − 1)/(exp(7) − 1) (where xi = i/Nx,
i = 1, 2, ..., Nx) suggested in [3] and use the inverse iterations in the subspace for finding
2D npDVR on np grids 7
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Figure 1. The ground-state energies of a hydrogen atom in the external magnetic
β = 2.0 and electric γ = 0.5, 1.0, 1.5, 2.0 fields perpendicular to one another (α = pi/2).
The energies are calculated using three computational schemes with different npDVR
bases (see text). The thin horizontal black lines show the most accurate value obtained
for each case.
the desired eigenvalues. The step of integration over r and the integration boundary
rm are fixed so that the introduced integration error does not exceed errors from the
npDVR approximation of the angular part: 1/Nx = 0.001 (0.0005) and rm = 8 (20) for
strong (weak) fields.
First, we calculate the energies of the ground state of a hydrogen atom in the
strong magnetic (β = 2.0) and electric (0.5 ≤ γ ≤ 2.0) fields at the angle α = pi/2.
In this case, the term 1
2
(βLz) is absent in the potential (18). The convergence of the
calculated energies E on a sequence of condensing angular grids (N → ∞) for three
npDVR scheme is illustrated in Figure.1 for a few strengths γ = 0.5, 1.0, 1.5, 2.0 of the
electric field. Here, the points indicated as Gaussian represent the results obtained
with the npDVR based on the direct product of 1D angular Gaussian quadratures.
The points indicated as Lebedev and Popov are obtained with the npDVR based on the
Lebedev and Popov cubatures, respectively. The superiority of the npDVR based on
the Popov and Lebedev cubatures against the old npDVR scheme that used the direct
product of 1D Gaussian quadratures is obvious in the graphs. Moreover, we observe
a clear correlation between the convergence of the npDVR computational scheme and
the efficiency coefficient η: the larger the coefficient η, the faster the convergence of the
computational scheme.
We also perform the comparative analysis of these three computational schemes as
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applied to the description of the splitting of the hydrogen first excited state n = 2 in
rather weak fields of magnitudes β = 0.005 and γ = 10−2/6, which was analyzed earlier
in [2]. The calculated energies of the lowest state of the multiplet with the quantum
number q = −(n−1) = −1 [2] are presented in Table 2 when the fields are perpendicular
to each other (α = pi/2) and in Table 3 when α = pi/8, together with the corresponding
results of Melezhik [2]. It is worth mentioning that in our Gaussian scheme, we consider
the basis function index ν = {l, m} which appears in equation (3) as
N∑
ν=1
=
(Nφ−1)/2∑
m=−(Nφ−1)/2
|m|+Nθ−1∑
l=|m|
while in [2] it takes the values ν = {l, m} = {0, 0}, {1,−1}, {1, 0}, {1, 1}, ..., {√N −
1,
√
N − 2} and {√N − 1,√N − 1}. The comparison of the results of [2] with ours
in the tables shows that our method yields accurate values and demonstrates clearly
the rearrangement of the energy spectrum due to the varying angle α. Here, similar to
the case of the ground state, the performed analysis demonstrates a direct correlation
between the value of the efficiency coefficient η and the convergence of the computational
scheme, i.e. applying the npDVR based on the Lebedev or Popov cubatures enhances
the convergence of the computational scheme. Moreover, the fastest convergence is
demonstrated by the npDVR based on the Popov cubatures, which has the largest η
among other cubatures on a unit sphere and gives rather accurate results even at a low
number of basis functions as N = 12.
Table 2. The energy of the lowest state {q} = {−1} of the Hydrogen atom multiplet
n = 2 in the fields β = 0.005 and γ = 10−2/6 when α = pi/2. The energy is obtained
using three computational schemes with different npDVR bases. In [2], the energy was
calculated to be E = −0.13075 by using N = 25 grid points.
β = 0.005 , γ = 10−2/6
N
Gaussian
Lebedev Popov
Nφ=3 Nφ=5 Nφ=7
12 — — -0.1307374
14 — -0.1306568 —
22 — — -0.1307374
25 -0.1307454 — —
26 — -0.1306159 —
30
-0.1326501
— —
-0.1307454
32 — — -0.1307377
36 -0.1326501 — —
38 — -0.1307377 —
40 -0.1307454 — —
48 — — -0.1307377
49 -0.1307377 — —
50 -0.1307454 -0.1307377 —
70 -0.1307377 — —
2D npDVR on np grids 9
Table 3. The energy of the lowest state {q} = {−1} of the Hydrogen atom multiplet
n = 2 in the fields β = 0.005 and γ = 10−2/6 when α = pi/8. The energy is obtained
using three computational schemes with different npDVR bases. In [2], the energy was
calculated to be E = −0.13028 by using N = 25 grid points.
β = 0.005 , γ = 10−2/6
N
Gaussian
Lebedev Popov
Nφ=3 Nφ=5 Nφ=7
12 — — -0.1302730
14 — -0.1301970 —
22 — — -0.1302723
26 — -0.1301643 —
30 -0.1304448 — —
32 — — -0.1302728
36 -0.1304448 — —
38 — -0.1302728 —
40 -0.1302756 — —
48 — — -0.1302728
49 -0.1302755 — —
50 -0.1302756 -0.1302728 —
70 -0.1302755 — —
4. Conclusion
We have developed the 2D npDVR for treating quantum dynamical problems which
involve nonseparable angular variables. The npDVR basis is constructed on spherical
functions orthogonalized on the grids of the Lebedev or Popov cubatures for the unit
sphere. We have presented a detailed description of the npDVR basis construction and
comparative analysis of our computational scheme with the old one that used the direct
product of 1D Gaussian quadratures, in terms of their convergence by calculating, as an
example, the spectrum of a hydrogen atom in the magnetic and electric fields arbitrarily
oriented to one another. The performed analysis demonstrates a direct correlation
between the value of the efficiency coefficient η and the convergence of the computational
scheme. We have found that the use of the npDVR based on the Lebedev or Popov
cubatures substantially accelerates the convergence of the computational scheme and
have shown the superiority of the npDVR based on the Popov cubatures possessing the
largest efficiency coefficient among other quadratures on the unit sphere.
Obtaining accurate results with a lower number of the npDVR basis functions
N makes the developed computational scheme very promising in application to the
problems involved with the Schro¨dinger equations of nonseparable angular variables.
Furthermore, eliminating the angular grid points clustering near the poles x = y = 0
with increasing N in the developed npDVR, enables one to extend the computational
scheme to the time-dependent Schro¨dinger equation with a few nonseparable angular
variables for describing quantum dynamics of atomic systems with two active electrons.
2D npDVR on np grids 10
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